This paper proposes the pressureless magnetohydrodynamics (MHD) system by neglecting the effect of pressure difference in the MHD system. Firstly, the Riemann problem for the pressureless MHD system is solved with five kinds of structures of solutions consisting of combinations of shock, rarefaction wave, contact discontinuity, and vacuum state. Secondly, the limit behavior of the obtained Riemann solutions as the magnetic field drops to zero is studied. It is shown that, as the magnetic field vanishes, the Riemann solutions of the pressureless MHD system just tend to the corresponding Riemann solutions of the Euler equations for pressureless fluids. The formation processes of delta shocks and vacuum states are clarified. For the delta shock, both the intermediate density and internal energy simultaneously develop delta measures.
Introduction
Magnetohydrodynamics has been the subject of great interest from both mathematical and physical points of view due to its applications in the variety of fields such as astrophysics, nuclear science, engineering physics, and plasma physics. Ideal magnetohydrodynamics neglects the viscous and thermal dissipation effects and assumes a perfectly conducting fluid. The ideal unsteady compressible MHD system reads [1] ρ t + div ρU ð Þ= 0, 
where ρ is the fluid density, U the velocity vector of the fluid, p the pressure, E = jUj 2 /2 + e the total energy per unit mass with e being the internal energy per unit mass, B the magnetic field vector, and I the unit matrix. The system (1) is highly nonlinear and complicated; therefore, it is difficult to do a direct investigation on it. To make a simplification, the condition U⊥B has been applied extensively [2, 3] . As indicated by the momentum equations, the particle motion is dictated by momentum transport (inertia) and pressure gradients. When the effect of pressure difference is very small, for example, at low temperature and low pressure in the adhesion particle dynamics, the effect of pressure difference may be neglected. The well-known pressureless Euler equations have been obtained just by neglecting the effect of pressure difference in the Euler equations. Let us consider the one-dimensional motion with plane symmetry permeated by a magnetic field orthogonal to the trajectories of the fluid, that is, U = ðuðx, tÞ, 0, 0Þ, ρ = ρðx, tÞ, p = pðx, tÞ, and B = ð0, bðx, tÞ, 0Þ, and neglect the effect of pressure difference, then we reach the following pressureless MHD system: 
In consideration of the frozen-in law in physics, we are concerned with the pressureless MHD system (2) under the assumption b = kρ (k > 0 is a constant). In addition, for convenience, we take the total internal energy H = ρe as an independent variable. Then, the pressureless MHD system (2) can be rewritten as
The first aim of this paper is to solve the Riemann problem for the system (3) with initial data
For the three characteristics of (3), two are genuinely nonlinear and one is linearly degenerate; thus, the classical basic waves contain shocks, rarefaction waves, and contact discontinuities. For the Riemann problem, by the analysis method in phase space, with the help of the pseudointersection points of wave curves, we establish the existence and uniqueness of solutions with five different structures consisting of combinations of shock, rarefaction wave, contact discontinuity, and vacuum state.
It is well known that the MHD system formally tends to the Euler equations in fluid dynamics as the magnetic field vanishes. In particular, letting the magnetic field vanish, the pressureless MHD system (3) becomes the Euler equations for pressureless fluids:
which consist of the mass, momentum, and energy conservation laws. It is generally known that for the media which can be regarded as having no pressure, one must take into account energy transport [4] . In [5, 6] , to study delta shock solutions of (5), special integral identities were introduced and the Rankine-Hugoniot conditions were obtained. In [7] , the Riemann problem (5) and (4) was solved constructively and the solution exactly includes two kinds: delta shock solution and vacuum solution. For the delta shock, both the density and internal energy simultaneously develop delta measures. As to the Euler equations for pressureless fluids only consisting of the mass and momentum conservation laws, please refer to [8] [9] [10] [11] . Let us recall some knowledge with respect to delta shocks and vacuum states. Delta shock is a kind of nonclassical wave on which at least one state variable may develop a Dirac delta measure. Mathematically, they are characterized by the delta functions appearing in the state variables. Physically, they can be used to express the concentration phenomenon. As for delta shocks, besides the papers cited above, also see [12] [13] [14] [15] [16] [17] [18] [19] . The other situation is the vacuum state which is a state with ρ = 0. It describes the cavitation phenomenon. The phenomena of concentration and cavitation and the formation of the delta shock and the vacuum state have attracted wide attention from researchers. For instance, Li and Chen and Liu discussed this topic by considering the vanishing pressure limits of solutions to the isentropic [20, 21] and nonisentropic Euler equations [22] ; Mitrović and Nedeljkov [23] discussed this topic by perturbing the generalized pressureless gas dynamics model; Shen and Sun [24] discussed this topic by studying the vanishing pressure limit of Riemann solutions to the perturbed Aw-Rascle model; Cheng and Yang [25] discussed this topic by investigating the partly vanishing pressure limits of solutions to a nonsymmetric Keyfitz-Kranzer system of conservation laws with generalized and modified Chaplygin gas; Yin and Sheng [26, 27] discussed this topic by considering the vanishing pressure limits of solutions to the relativistic Euler equations; Yang and Liu [28, 29] discussed this topic by introducing some flux approximations in the isentropic and nonisentropic classical Euler equations; and Sahoo and Sen [30] discussed this topic by considering the limiting behavior of two strictly hyperbolic systems of conservation laws. Compared with the delta shocks, we also refer the readers to [31] [32] [33] for δ n -shocks and [34] for noncompressible δ-waves.
The second aim of this paper is to discuss the limit behavior of the solutions to the Riemann problem in the pressureless MHD system (3) as the magnetic field vanishes, that is, k → 0. It is shown that when u − > u + , any Riemann solution containing two shocks and possibly a contact discontinuity to (3) tends to the delta shock Riemann solution to (5) , where the intermediate density and internal energy between the two shocks tend to the weighted δ-measure which forms the delta shock. Here, we firstly take a sloping test function to obtain the limits (56) and (58), then approximate an arbitrary test function by this sloping test function to get the desired limits (64) and (65). At this point, it is a little different from Chen and Liu [21, 22] , etc. By contrast, when u − < u + , we show that any Riemann solution containing two rarefaction waves and possibly a contact discontinuity to (3) tends to the vacuum Riemann solution to (5) even when the initial data stay away from the vacuum. This paper is organized as follows. In Section 2, we solve the Riemann problem for (3). In Section 3, we review the 2
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Riemann problem for (5) . In Sections 4 and 5, we discuss the limit behavior of solutions to the Riemann problem for the pressureless MHD system (3) as the magnetic field vanishes. Finally, we give the conclusions and further discussions in Section 6.
Riemann Problem of the Pressureless MHD System
In this section, we consider the Riemann problem for (3) with initial data (4) . The eigenvalues of (3) are
and the corresponding right eigenvectors are
satisfying
Therefore, (3) is strictly hyperbolic and the λ 0 -field is linearly degenerate, while the λ ± -fields are genuinely nonlinear. By seeking the self-similar solution ðρ, u, HÞðx, tÞ = ðρ, u, HÞðξÞ, ξ = x/t, the Riemann problem becomes the boundary value problem:
Let us first solve the elementary waves. Any smooth solution of (9) satisfies
which provides the general solution (the constant state):
the vacuum state:
the singular solutions:
For the singular solutions, it holds that
Let ðρ l , u l , H l Þ and ðρ r , u r , H r Þ denote the left and right states of the singular solutions, then from (16) , one has that
The singular solution (14) with ρ l > ρ r is called as the backward rarefaction wave, symbolized by R , and the singular solution (15) with ρ l < ρ r is called as the forward rarefaction wave, symbolized by R ! . They can be rewritten as R :
3
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For a bounded discontinuity at ξ = σ with ðρ l , u l , H l Þ and ðρ r , u r , H r Þ on the left and right sides, the Rankine-Hugoniot relation reads
where ½g = g l − g r is the jump of g across the discontinuity. By solving (19), we obtain three kinds of discontinuities. The first is
which is a contact discontinuity associating with λ 0 , symbolized by J. The remaining two are
By the Lax entropy inequalities, the discontinuity (21) with λ − should satisfy
while the discontinuity (22) associating with λ + should satisfy
It is easy to check that the inequalities (23) and (24) are equivalent to ρ r > ρ l and ρ r < ρ l , respectively.
The discontinuity (21) with ρ l < ρ r is called as the backward shock, symbolized by S , and the discontinuity (22) with ρ l > ρ r is called as the forward shock, symbolized by S ! . For a given left state V l = ðρ l , u l , H l Þ, all possible states which can connect to V l on the right by a backward rarefaction wave must be located on the curve
and all possible states which can connect to V l on the right by a backward shock must be located on the curve
For a given right state V r = ðρ r , u r , H r Þ, all possible states which can connect to V r on the left by a forward rarefaction wave must be located on the curve
and all possible states which can connect to V r on the left by a forward shock must be located on the curve The states at the pseudointersection points can be connected by a contact discontinuity because the density and velocity across the contact discontinuity do not change (see (20) ), and then the solution is allowed to transition from points A 1 to A 2 in the phase space.
When To be precise, the Riemann solution contains a backward rarefaction wave, a contact discontinuity, and a forward rarefaction wave when the pseudointersection points lie on R ðV − Þ and R ! ðV + Þ; it contains a backward rarefaction wave, a contact discontinuity, and a forward shock wave when the pseudointersection points lie on R ðV − Þ and S ! ðV + Þ; it includes a backward shock wave, a contact dis-continuity, and a forward rarefaction wave when the pseudointersection points lie on S ðV − Þ and R ! ðV + Þ; and it consists of a backward shock wave, a contact discontinuity, and a forward shock wave when the pseudointersection points lie on S ðV − Þ and S ! ðV + Þ. The conclusion can be stated in the following theorem. Theorem 1. There exists a unique piecewise smooth solution, which includes shock, rarefaction wave, contact discontinuity, and vacuum state, of the Riemann problem for (3) with initial data (4).
Riemann Problem of the Euler Equations for Pressureless Fluids
In order to well understand the limit behavior of solutions to (3) and (4) as the magnetic field vanishes, we give a sketch of the results for the Riemann problem (5) and (4) . For more details, see [7] . The system (5) has a triple eigenvalue λ = u with two right eigenvectors r ! 1 = ð1, 0, 0Þ T , r ! 2 = ð0, 0, 1Þ T satisfying ∇λ j · r ! j ≡ 0 ðj = 1, 2Þ: Hence, the system (5) is extremely nonstrictly hyperbolic and λ is linearly degenerate.
As usual, we look for the self-similar solution ðρ, u, HÞ ðx, tÞ = ðρ, u, HÞðξÞ, ξ = x/t, then the Riemann problem is reduced to the boundary value problem 
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It can be checked that besides the constant state ðρ, u, HÞðξÞ = constant, the system (29) admits the vacuum state ξ = u, ρ = 0, H = 0, ð31Þ and the contact discontinuity
where u r and u l denote the right and left states, respectively. With the constant, vacuum state, and contact discontinuity, it can be obtained that for the case u − < u + , the Riemann solution consists of two contact discontinuities and a vacuum state besides two constant states, which can be expressed as
However, for the case u − > u + , the characteristics lines from the x-axis will overlap in the domain Ω = fðx, tÞ | u + ≤ x/t ≤ u − g in the ðx, tÞ-plane. So the singularity of solution must develop in Ω. One can furthermore prove that ρ, H, and ∂u/∂x blow up simultaneously in a finite time even starting from smooth initial data. Therefore, no solution exists in the bounded variation space. Indeed, a solution containing weighted δ-measures (i.e., delta shock) supported on a line should be introduced in order to establish the existence in a space of measure from the mathematical point of view.
In order to define the measure solutions, the weighted δ-measure wðsÞδ L supported on a smooth curve L parameterized as x = xðsÞ, t = tðsÞðc ≤ s ≤ dÞ is defined by
for all test functions ψðx, tÞ ∈ C ∞ 0 ðð−∞, +∞Þ × ð0, ∞ÞÞ. Then, for the case u − > u + , the Riemann solution is the following delta shock solution:
where the weights wðtÞ and hðtÞ and velocity σ satisfy the generalized Rankine-Hugoniot relation
and the entropy condition
with ½a = a − − a + being the jump of a across the discontinuity. In [7] , it was shown that the solution (35) satisfies the system (5) in the sense of measures. Under (37), solving (36) with initial data wð0Þ = 0 and hð0Þ = 0 yields
We state the results in the following theorem.
Theorem 2.
There exists a unique piecewise smooth solution, which includes two contact discontinuities and a vacuum state whenu − < u + and a delta shock whenu − > u + , of the Riemann problem for (5) with initial data (4).
Limit of Solution to (3)-(4) for u − > u +
In this section, we study the limit behavior of the Riemann solution to the pressureless MHD system for the case u − > u + and ρ ± , H ± > 0 as the magnetic field vanishes.
Let k 0 > 0 be the constant satisfying
then, for any fixed k ∈ ð0, k 0 Þ, the solution of (3) and (4) includes two shocks and one contact discontinuity, which can be expressed as
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where ðρ − , u − , H − Þ and ðρ k * , u k * , H k * 1 Þ are connected by a backward shock S with speed σ k − S : 
With (43), we have the following conclusions for the intermediate density ρ k * .
Lemma 3. ρ k * is monotonic decreasing with respect tok, andlim k→0 ρ k * = +∞.
Proof. Let k 1 > k 2 . Assume ρ k 1 * ≥ ρ k 2 * , then from (43), we obtain Jðk 1 , ρ k 1 * Þ > Jðk 2 , ρ k 2 * Þ, which contradicts with Jðk 1 , ρ k 1 * Þ = Jðk 2 , ρ k 2 * Þ = u − − u + . Thus we have ρ k 1 * < ρ k 2 * . If ρ k * is bounded, then from (43), we can get u − = u + , which contradicts with u − > u + . Thus, we get the unboundedness of ρ k * , which gives lim k→0 ρ k * = +∞.
Lemma 4. kρ k * is monotonic increasing with respect tok, and
Proof. Let k 1 > k 2 . If k 1 ρ k 1 * ≤ k 2 ρ k 2 * , one can deduce Jðk 1 , ρ k 1 * Þ < Jðk 2 , ρ k 2 * Þ, which contradicts with Jðk 1 , ρ k 1 * Þ = Jðk 2 , ρ k 2 * Þ = u − − u + . So k 1 ρ k 1 * > k 2 ρ k 2 * must hold. In addition, the limit lim k→0 kρ k * can be directly obtained from (43). 
With Lemmas 3 and 4 and
With Lemma 3 and (42) u k * , which shows the limits of the speeds of shocks and contact discontinuity in the following lemma.
